Liu Y, Liu HY, Xu K et al. A family of stable multipath dual congestion control algorithms. JOURNAL OF COMPUTER
SCIENCE AND TECHNOLOGY 30(6): 1274-1289 Nov. 2015. DOI 10.1007/s11390-015-1598-y

A Family of Stable Multipath Dual Congestion Control Algorithms

Ying Liut? (X “%), Member, CCF, ACM, IEEE, Hong-Ying Liu3* (XIJ£L %)
Ke Xu? (& 1%), Member, CCF, ACM, IEEE, and Meng Shen® (7. %), Member, CCF, ACM, IEEE

nstitute for Network Sciences and Cyberspace, Tsinghua University, Beijing 100084, China

2 Tsinghua National Laboratory for Information Science and Technology, Tsinghua University, Beijing 100084, China
3School of Mathematics and Systems Science, Beihang University, Beijing 100191, China

4 Department of Computer Science and Technology, Tsinghua University, Beijing 100084, China

5School of Computer Science, Beijing Institute of Technology, Beijing 100081, China

E-mail: liuying@cernet.edu.cn; livhongying@buaa.edu.cn; xuke@tsinghua.edu.cn; shenmeng@bit.edu.cn

Received April 25, 2014; revised May 27, 2015.

Abstract
tiple paths diversity to achieve efficient bandwidth allocation and improve network efficiency. But there exist some potential

We consider the problem of multipath congestion control in the Internet. The aim is to take advantage of mul-

difficulties when one directly uses the well-known network utility maximization model to design stable multipath congestion
control algorithms for the alternative paths. In this paper, we propose a generalized multipath utility maximization model
to consider the problem of joint routing and rate control, which can be reduced to specific models with different parameter
settings. And then we develop a family of multipath dual congestion control algorithms which are stable in the absence of
delays. We also derive decentralized and scalable sufficient conditions for a particular scheme when propagation delays exist
in networks. The simulation results show that the proposed multipath dual congestion control algorithms with appropriate

parameter settings can achieve stable resource shares while maintaining fairness among the involved users.

Keywords

1 Introduction

Today, there exist many applications and services
that can be realized by flexible multipath routing. If
multiple paths exist, applications that have different
performance requirements can use different routings,
and if multiple paths exist, traffic can switch quickly
to an alternative path when a link or router fails!!l.
In that scheme, packets belonging to the same origin-
destination pair are transmitted along several routes
between them instead of a single path. In this paper,
we consider networks where multiple paths are available
to each user between its source and destination, and the
user can direct its flow along these paths using source
routing.

There are many questions in multipath routing!?-4.
One question is: given the availability of multiple routes

flow control, resource allocation, duality, stability, multipath congestion control

between each origin-destination pair, how does one de-
sign stable congestion control algorithms that exploit
the multipath routing capability? We are interested in
this question in the paper.

The Transmission Control Protocol and the Internet
Protocol, known as TCP/IP, are widespread for guiding
traffic flows in the Internet. In a packet-switch network,
a route is computed and selected to send packets from
a source to a destination, and the sending rate is de-
termined by TCP. Traditionally, a single path routing
scheme is deployed, where the shortest path is chosen
by IP routing in terms of hop count or distance, and the
flow rate is varied according to congestion level along
that path. Ideally, both routes and flow rates should
be guided to guarantee the efficiency and fairness in
link bandwidth utilization. There thus has long been a
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desire to direct routes selection and rates variation ac-
cording to congestion level. However, studies, e.g., [5],
have shown that making paths selection consistent with
congestion level may result in network occlusions and
routing instability. Despite that IP routing is highly
scalable, the static or single path routing scheme fails
to react to instantaneous network congestion. In con-
trast, multipath routing can more easily reach equi-
librium: instead of drastic switches of large bulks of
traffic, it can gradually adapt the traffic mix between
different routes. Mathematically, when we consider the
optimization of a convex congestion cost to serve a ma-
trix of end-to-end demands over single path routes, the
problem is non-convex, but its relaxation to multipath
amounts to convex multi-commodity optimization.

Many researchers try to find a multipath conges-
tion control protocol implemented in a decentralized
way by source and routers. Furthermore the protocol
should make the system stay at a stable equilibrium
point which satisfies some basic requirements, such as
the high utilization of resources, small queues, and a
degree of control over resource allocation. All of these
are required to be scalable, i.e., holding for an arbitrary
network, with possibly high capacity and delay.

A multipath proposal is present in Kelly’s original
work(®! which defines a rate variable for each end-to-
end path from the source to the destination, and the
sources control all these variables to optimize overall
utility. There are some technical difficulties in the proof
in [6] due to the possible existence of multiple equi-
libria. A major difficulty for the multipath congestion
control is that the natural optimization problem to con-
sider is concave but not strictly concave, which brings
a huge challenge to design stable multipath congestion
control algorithms for the possible existence of multiple
equilibriums. In [7], Voice has investigated the possi-
bility of stable multipath dual congestion control algo-
rithms. In the scheme proposed in [7], the presence
of the parameter p in stability conditions demonstrates
a trade-off between the stability and the degree of ap-
proximation. Also, in order to approximate the optimal
solution, the parameter p needs to be very large (ide-
ally co). It means that in order to get an ideal solution,
there is a large risk of numerical instability for the large
approximation parameter in [7].

To solve the above problems in [7], we propose a
new model for multipath TCP congestion control. In
our model, we use two parameters to reduce the com-
putational complexity and numerical instability. Our
algorithm only needs fewer product and addition opera-

tions to approximate the optimal solution. In contrast,
[7] needs the p-th power operation to get the optimiza-
tion solution. Our algorithm is simpler to be imple-
mented than the one in [7].

This paper proposes a generalized multipath uti-
lity maximization model, which is strictly concave and
ensures equilibria satisfying desirable static properties.
Then we derive a family of multipath dual congestion
control algorithms. We show that the proposed algo-
rithms are stable in the absence of propagation delays,
based on which we derive decentralized and scalable
sufficient conditions for a particular scheme when prop-
agation delays exist in the networks.

The main contributions of our work can be stated
as follows.

1) We propose a generalized multipath utility maxi-
mization model, which can be reduced to specific mod-
els with different parameter settings. A family of multi-
path dual congestion control algorithms is derived from
the proposed model that can fully utilize resources,
while maintaining the fairness among different users at
the state of equilibrium.

2) We also derive the decentralized and scalable suf-
ficient conditions for a particular scheme when propa-
gation delays exist in the networks.

3) We implement rate-based simulations using Mat-
lab. To validate the efficiency of the proposed algo-
rithms, a comparison is made between the proposed
algorithm and the ones in [7] and [8].

The remainder of this paper is organized as fol-
lows. Related work is briefly reviewed in Section 2.
We present the proposed multipath utility maximiza-
tion model in Section 3. The stability in the absence
of delays and the stability in the presence of delays are
shown in Section 4 and Section 5, respectively. Follow-
ing those are the simulation results in Section 6. We
conclude the paper in Section 7.

2 Related Work

In recent years, theoreticians have developed a
framework that allows a congestion control algo-
rithm such as Jacobson’s TCP to be interpreted as
a distributed mechanism solving a global optimization
problem(®9. The framework is based on fluid-flow mod-
els, and the form of the optimization problem makes the
equilibrium resource allocation policy of the algorithm
explicit, which can often be restated in terms of a fair-
ness criterion. The dynamics of the fluid-flow models
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allows the machinery of control theory to be used to
study stability, and to develop rate control algorithms
that can scale to arbitrary capacities.

These algorithms can be classified into two major
groups, i.e., primal algorithms and dual algorithms. In

J. Comput. Sci. & Technol., Nov. 2015, Vol.30, No.6

general, the equilibrium point of the algorithm solves
the original problem, an approximation problem or the
relaxed one (where the capacity constraint is replaced
by penalties) respectivelyl®. Some related studies are

summarized in Table 1.

Table 1. Equilibrium and Dynamic Properties for Congestion Control Algorithms
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¢ >0 and a = max(0,b) if ¢ = 0. Given any p > 1, we

use notation || A1, to denote (3., )\iﬂ”)L
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the parameter p is chosen such as ap > 1, where p > 1
and 1
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Fig.1. Approximation factor curves with parameters p and 6 where the number of route serving some source s is 2, 3, 4, and 5

respectively. (a) 6 =1. (b) p=75. (¢) p=10. (d) p = 20.

where z; = (z,,r € ) is the rate vector for source
s. We denote the optimal value of (15) by Ws(As, vs)
where As; = (A,7 € s). It can be verified that
Ws(As, vs) is finite only if A, — vy > 0 for all » € s
and vs > 0. Otherwise, Wi(As,v5) = +00. In the fol-
lowing derivation, we assume A\, > vg > 0 for all r € s
and s € S. Finally, the Lagrangian dual problem of
(6)~(9) is to

minimize W (u, v) := We(Xs,vs) +ctp. (16
iiize W (1) = Wi heon) + Tt (10)

The control laws that we will propose can be viewed as

decentralized algorithms to solve problem (16) and the
primal problem (6)~(9) simultaneously.

4 Family of Stable Multipath Dual Congestion
Control Algorithms

In this section, we will derive a family of multipath
dual congestion control algorithms from the generalized
multipath utility maximization model. The stability
with the absence of delay will be stated later.

4.1 Multipath Dual Congestion Control
Algorithms

To design the dual algorithm, we need the close form
of the solution of (15) for the given Ay, vs.

If (us,ys, ®s) is a minimizer of (15), then there ex-
ists Lagrange multiplier 1, such that (us,ys, zs) and 7
satisfy the following system:

uS:Ole

res
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(6)~(9) (refer to [23], p.217, Theorem 1). Furthermore,
since the objective function of (6)~(9) is strictly con-
cave with  (see Remark 1), the maximizer of (6)~(9)
is unique. Then we obtain the desired result. O

4.2 Global Stability

Assume that matrix A has full row rank to ensure a
unique equilibrium point, which is the general assump-
tion when analyzing the dual congestion control algo-
rithms, such as [7], [12] and [14]. Note, the assumption
is needed only for the links that would be a bottleneck;
thus our assumption is quite generic. This condition
is sufficient to deduce that the system (25)~(31) has a
unique equilibrium point. Following is the first main re-
sult of this paper with a detailed proof. Here the proof
is completely different from the one in [7].

Theorem 2. Given the system defined by
(25)~(31), the unique equilibrium point (p*,v*) is
globally asymptotically stable.

Proof. The proof is based on Lasalle’s invari-
ance principle applied to a suitable Lyapunov func-
tion. Now we introduce the candidate Lyapunov
function V(p,v) = W(p,v). For any state vector
(p(t),v(t)) # (p*,v*) of system (25)~(31), it can
be seen that (pu(t),v(t)) is feasible for the dual prob-
lem (16). For (u*,v*) is the unique solution of (16),
we have W (u,v) > W(p*,v*).

We now take the derivative of V(u,v) along trajec-
tories of our system:

d
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for some positive constants ks and ps, where

U (dsr (¢
e (t) = Js(r) () <M
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Let mr(t) = T + Ur(t)ays(t) = Ys + Us(t)v gs(t) -
gs + @s(t%)\r(t) = A + Ur(t),ﬂj(t) = My + wj(t)a
and vs(t) = vs + ws(t). Then, linearizing the system
(35)~(40) about pu, v and g, and using the relation (41),
we obtain the following equations

w;(t) = ki Zur(t ~T), (49)
(1) = Kavs(ve(t) = Y up(t = T)), (50)
Ps
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The equilibrium points corresponding to each
scheme are listed in Table 4. The following facts can
be observed from the data in Table 4. In the fore five
schemes, the aggregate rates are all 200 Mb/s and the
resource is used fully. In the last two ones, the ag-
gregate rates are less than 200 Mb/s and increase with
parameter 3.

Then seven groups of resource shares correspond-
ing to each scheme are plotted in Fig.3, which provide
a reference point when we study the dynamic perfor-
mance of the proposed algorithms in Subsections 6.3
and 6.4. For one group resource shares, the less the
difference among the source rates is, the more fair the
resource allocation scheme is. And the larger the source
rate is, the more effective the resource allocation scheme
is.

In Fig.3, the resource shares obtained by three
sources in the Desired scheme, labeled as 1, are propor-
tionally fair. It is a desired resource allocation scheme
in terms of efficiency and fairness which the system
is achieving. The resource shares obtained by three
sources in the LLXS-b scheme, labeled as 5, is the clos-
est one to the ones in the Desired scheme among all the
listed groups.

I Source 1
[—JSource?2
[ Source 3

701

651

601

551

Rate (Mb/s)

501

451

40

1 2 3 4 5 6 7
Group Index

Fig.3. Seven groups of resource shares. Each group corresponds
to three sources. All the rate values are computed according to
the flow rates in Table 4.
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6.3 Stability and Convergence Rate

Our global stability result (Theorem 2) imposes no
constraint on gains k; or xs. However, the choice of
the gains may still influence the transient performance
of the congestion control algorithm defined by (25) and
(26). In this subsection, we will study via simulation
the effect of the gains on system performance. From our
simulations, we will see that the values can be chosen
for the given approximation parameter 6 judiciously to
make the network converge quickly.

At time 0, the link price p; = 0.1 for all j and
vs = 0.05 for all s. We run the simulations for the
three groups of parameter settings as the subfigure cap-
tions in Fig.4. Here, we run the simulation for 10 s.
The simulation results are shown in Fig.4. Here we
observe that the algorithm will converge to the theo-
retical source rate in scheme V-b and scheme LLXS-a
(shown in Fig.3 and labeled as 3 and 4 respectively)
respectively. In each case, the source rates in the two
schemes are almost the same.

Consider the scheme LLXS-a. From the dynamic
evolution shown in Fig.4(b), we notice that the rates
converge quite quickly in the case r; = ks = 0.1, while
the rates converge slowly in the case k; = ks = 0.01 as
shown in Fig.4(c). Therefore, the better choice of gains
for this scheme seems to be 0.1. For this value of x; and
ks, the rate allocated to each source converges fast to
the theoretical value. This suggests that, even though
the network may be stable for many values of x; and kg,
these parameters have to be chosen carefully to provide
a trade-off between transient performance and the rate
at which the equilibrium is reached. We do not have a
prescription for the choice of the gains in this paper, to
which more attention will be paid in the further study.

6.4 Trade-Off Between Fairness and
Convergence Rate

Our local stability result (Theorem 3) imposes con-
straints on gains xj, ks and the approximation param-

Table 4. Equilibrium Point (Flow Rate (Mb/s)) for Different Resource Allocation Schemes Listed in Table 3
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Fig.4. Source rates without propagation delay for different parameter settings. (a) Scheme V-b with k; = ks = 0.1. (b) Scheme

LLXS-a with k; = ks = 0.1. (c) Scheme LLXS-a with x; = ks = 0.01.

eters p and 0. From the approximation factor curve
in Fig.1, we know the solution of problem (6)~(9) ap-
proximates to the desired well for large p and small 6.
However, based on the local stability conditions, i.e.,
(46), (47) and (48), we notice that, to guarantee the
stability, gains s, ks must remain small, which means
the slow convergence rate. We will study via simula-
tion the trade-off between the fairness (the approxima-
tion degree to the Desired scheme) and the convergence
rate. From our simulations, we will see that the algo-
rithm proposed in this paper will stably converge to
a more fairness equilibrium point with the same gains
than the algorithm in [7].

For the existing prorogation delay, the initial condi-
tions (before time 0) of the link price are p; = 1 for all
j and vs = 0.5 for all s. The initial conditions (before
0) of the flow rate are z,, = 20 Mb/s for all r.

To compare the dynamic evolution of the algorithm

with the one without propagation delay shown in Fig.4,
we run the simulations for three groups of parameter
settings. Here, we run the simulation for 10 s with the
same gains r; = 0.03 and ks = p, = 0.1. The simula-
tion results are shown in Fig.5.

Compared with Fig.4(a), the source rates shown in
Fig.5(a) diverge at 4 seconds because of the propaga-
tion delay. When parameter p is decreased to 5, the
source rates shown in Fig.5(b) converge to the theoreti-
cal resource shares as x-label 2 group in Fig.3. In this
case, the fairness among the sources is worse than the
one shown in Fig.5(c). To some extent, this observation
shows the algorithm proposed in [7] is sensitive to small
parameter p when delay exists.

The source rates shown in Fig.5(c) converge to the
same resource shares as those in Figs.4(b) and 4(c).
Since there exists delay, the convergence in Fig.5(c)
needs longer time than that in Fig.4(b); the conver-
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Fig.5. Source rates with propagation delay for different parameter settings. (a) Scheme V-b with k; = 0.03, ks = ps = 0.1. (b) Scheme
V-a with kj = 0.03, ks = ps = 0.1. (c) Scheme LLXS-a with x; = 0.03, ks = ps = 0.1.



1288

gence in Fig.5(c) arises slight oscillation within the first
second compared with the one in Fig.4(c).

7 Conclusions

This paper considered the well known problem of
joint multipath routing and flow control, and brought
new insight into congestion control algorithms. Specifi-
cally, we proposed a generalized multipath utility maxi-
mization model, and then derived a family of mutipath
dual congestion control algorithms. Based on the re-
sults of this paper, one can understand the unstability
of the natural mutipath dual congestion control algo-
rithm which is a special case in the proposed family.
The one proposed in [7], a special case in this family, is
at risk to choose a sufficient large p to approximate the
solution of the original problem. The simulation results
show that the proposed multipath dual algorithms with
appropriate parameter settings can achieve more stable
resource shares while maintaining the fairness among
the involved users than the one proposed in [7].
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